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Abstract 



We find an obstruction to the existence of non-singular solutions to the 
normalized Ricci flow on four-manifolds with b'^ — 1. By using this ob- 
struction, we study the relationship between the existence or non-existence 
of non-singular solutions of the normalized Ricci flow and exotic smooth 
structures on the topological 4-manifolds CP'^i^iCP^, where 5 < £ < 8. 

1 Introduction 

Let X be a closed oriented Riemannian manifold of dimension n > 3. The 
normalized Ricci flow on X is the following evolution equation: 



where Ricg, Sg are the Ricci curvature and the scalar curvature of the evolving 
Riemannian metric g and dfig is the volume measure with respect to g. Recall 
that a one-parameter family of metrics {g{t)}, where t £ [0, T) for some < 
T < oo, is called a solution to the normalized Ricci flow if it satisfies the above 
equation at all x € X and t S [0, T). A solution {g{t)} on a time interval [0, T) 
is said to be maximal if it cannot be extended past time T. In this paper we 
are interested in solutions which are particularly nice. The following definition 
was first introduced and studied by Hamilton pTj [6] : 

Definition 1 A maximal solution {g{t)}, t G [0,r), to the normalized Ricci 
flow on X is called non-singular if T = oo and the Riemannian curvature tensor 
Rfng(t) of g{t) satisfies s\vpxx[Q.,:x,) \R^g(t)\ < oo. 

Fang and his collaborators [9] pointed out that for a 4— manifold with neg- 
ative Perelman invariant [251 115] , which is equivalent to the Yamabe invariant 
in this situation [2] , the existence of non-singular solutions forces a topological 
constraint on the 4— manifold. On the other hand, the first author proved [T5] 
that, in dimension four, the existence of the non-singular solutions is fundamen- 
tally related to the smooth structure considered. An important ingredient in 
his theorems was the non-triviality of the Seiberg-Witten invariant. In the case 
when the underlying manifold has 6^ > 2, this is a diffeomorphism invariant. 




However, when b'^ = 1 the invariant depends on a choice of an orientation on 
i?2(X,Z) and H'^{X,M.). The obstructions in [HI [14] are for manifolds with 
6+ > 2. We extend these results to the case = 1, and we have the following: 

Theorem A Let X be a closed oriented smooth ^-manifold with b'^{X) — 1 and 
2x{X) + 3t(X) > 0. Assume that X has a non-trivial Seiberg-Witten invariant. 
Then, there do not exist non-singular solutions to the normalized Ricci flow on 



We prove this result in a slightly more general setting, see Theorem ^ in 
Section |4] below. Using Theorem \^ we study manifolds with small topology 
and emphasize how the change of smooth structure reflects on the existence or 
non-existence of solutions of the normalized Ricci flow: 

Theorem B For 5 < £ < 8, the topological 4-manifold M := CP'^#£CP^ 
satisfies the following properties: 

1. M admits a smooth structure of positive Yamabe invariant on which there 
exists a non-singular solution to the normalized Ricci flow. 

2. M admits a smooth structure of negative Yamabe invariant on which there 
exist non-singular solutions to the normalized Ricci flow. 

3. M admits infinitely many distinct smooth structures all of which have neg- 
ative Yamabe invariant and on which there are no non-singular solutions 
to the normalized Ricci flow for any initial metric. 
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2 Polarized 4-manifolds and Seiberg-Witten in- 
variants 

Let A be a closed oriented smooth 4-manifold. Any Riemannian metric g on 
X gives rise to a decomposition H"^ (A, M) — Hg © H~ , where Hg , 7i~ consists 
of cohomology classes for which the harmonic representative is gr-self dual or 
g-anti-self-dual, respectively. Notice that b'^{X) :— dim7i+ is a non-negative 
integer which is independent of the metric g. In this article, we always assume 
that ^'^(A) > 1 and mainly consider the case when fo^(A) = 1. For a fixed 
6+(A)-dimensional subspace H C H'^{M,M.) on which the intersection form is 



A#fcCP2 if 




2 



positively defined, we consider the set of all Riemannian metrics g for which 
= H is satisfied. The Riemannian metric g satisfying this property is called 
a iJ-adapted metric. Under the assumption that there is at least one TJ-adapted 
metric, H is called a polarization of X and we call {X, H) a polarized 4-manifold 
following [3T]. For any given element a G R) and a polarization H of 

X, we use a+ to denote the orthogonal projection of a, with respect to the 
intersection form of X, on the polarization H . 

For any polarized 4-manifold {X, H), we can define a differential topological 
invariant [331 [H] of (X, H) , by using Seiberg-Witten monopole equations [33] ■ 
We briefly recall the definition, referring to [331 HI] for more details. Let s be a 
spin'^ structure of the polarized 4-manifold {X,H). Let ci(£s) G H-^{X,R) be 
the first Chern class of the complex line bundle associated to s. Suppose that 
ds := (cKC^) — 2x{X) — 3t(X))/4 = 0, which forces the virtual dimension of 
the Seiberg-Witten moduli space to be zero. Let g be a iJ-adapted metric and 
assume that c^{Cs) ^ with respect to H ~ Tig is satisfied. Then [34l[2T], the 
Seiberg-Witten invariant SWx{s, H) is defined to be the number of solutions of 
a generic perturbation of the Seiberg-Witten monopole equation, modulo gauge 
transformation and counted with orientations. 

We can still define the Seiberg-Witten adapted invariant of {X, H) for any 
spin'^ structure s for which c^(£s) ^ and is even and positive. In this case, 
SWx{s, H) is defined as the pairing < 77^, [M^] > ■ Here rj is the first Chern 
class of the based moduli space as a S'^-bundle over the Seiberg-Witten moduli 
space Ms and [M^] is the fundamental homology class of Ms- 

Hence, the Seiberg-Witten invariant SWx{s, H) of a polarized 4-manifold 
{X,H) is well-defined for any spin'^ structure s with c^(-Cs) 7^ 0. Moreover, it 
is known [23] that SWx{5, H) is independent of the choice of the polarization 
H if b+{X) > 2, or b+{X) = 1 and 2x(X) + 3r(X) > 0. 

One of the crucial properties of the Seiberg-Witten invariants above is that 
the non-triviality of the value SWx (s, H) for a spin"^ structure s with (£5 ) ^ 
forces the existence of a non-trivial solution of the Seiberg-Witten monopole 
equations for any i7-adapted metric. Using this, LeBrun [191 HI] proved the 
following, see also |2lj : 

Theorem 1 ([19', '22j) Let {X,H) be a polarized smooth compact oriented 4- 
manifold and let s he a spin'^ structure of X and let c^ ^ be the orthog- 
onal projection to H with respect to the intersection form of X . Assume that 
SWx{s, H) 7^ 0. Then, every H -adapted metric g satisfies the following bounds: 

f sld^ig > 327T^ct)^ 
J X 

with equality if and only if g is Kdhler- Einstein for a complex structure com- 
patible with 5 and has constant negative scalar curvature. Here, Sg is the scalar 
curvature of g and is the self-dual Weyl curvature of g. 
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We will use these bounds in Section [3] below. 

On the other hand, let iV be a closed oriented smooth 4-nianifold with 
b'^{N) — and k = b2{N). By the celebrated result of Donaldson [Sj, there 
are classes Ci, 62, • ■ • , Cfc £ H'^{N,Z) descending to a basis of iJ^(Af, Z) /torsion 
with respect to which the intersection form is diagonal and ef = — 1 for all 
i. An element /? S H'^{N,'Z) is called characteristic if the intersection number 
f3 ■ X = X ■ X (mod 2). If /3 is characteristic, then (i = W2{N) (mod 2) and 
moreover there is a spin'^ structure t on iV such that ci(£t) — P- Then modulo 
torsion, (3 can be written as o,i^i^ where Ui are integers. Let x := X]i=i ^i^ij 
where Xi are integers. Then we have f3 • x ^ — X^iLi '^i^i ^^'^ x-x — ~ X]i=i ^1- 
This tells us that (3 is characteristic if and only if the are odd integers, where 
i = 1, • • ■ , fc. For example, we can obtain characteristic elements by taking as 
ai = ±1. 

The following result includes Lemma 1 of [H] as a special case. 

Proposition 2 Let X he a closed oriented smooth ^-manifold with b^{X) > 1 
and 2x{X) + 3r(X) > 0. Moreover, suppose that the Seiberg-Witten invariant 
of X is non-trivial. Let N be a closed oriented smooth ^-manifold with bi{N) = 
b'^{N) = 0. Let H be any polarization of a connected sum M := X^N . Then 
there is a spin'^ structure S on AI such that SWx{s, H) ^ and the self-dual 
part c'l of the first Chern class of the complex line bundle associated with s 
satisfies 

(c+f>2x(X) + 3r(X). (1) 

Proof. Notice that the Seiberg-Witten invariant of X is well-defined and inde- 
pendent of the choice of the polarization under the assumption that b^{X) > 2 
or b'^{X) — 1 and 2x{X) -\- 3t{X) > 0. Suppose that c is the spin"^ structure 
on X with non-trivial Seiberg-Witten invariant. Let a := ci(£c) £ H'^{X,'Z) 
be the first Chern class of the complex line bundle associated to c. Then, 
the non-triviality of Seiberg-Witten invariant forces the dimension d^ of the 
Seiberg-Witten moduli space to be non-negative and we therefore have > 
2x{X) -\- 3t(X) > 0. Moreover, since for any given polarization of X, we have 
(a+)^ > a^, and we obtain 

(«+)2>2x(X) + 3r(X). (2) 

Let Ci, 62, • • • , e„ G H'^{N, Z) be cohomology classes descending to a basis of 
{N, Z) / torsion with respect to which the intersection form is diagonal, where 

n = b2{N). Let H he a polarization of the connected sum M := Xfj^N. Choose 

new generators ti = ie; for H'^{N,Z) such that 

a+ ■ (eO+ > (3) 

with respect to the polarization H. Then Y^^=i ^ characteristic class and 
there is a spin'^ structure t on such that ci(£t) = ^"=1 ^i- Notice also that 
we have cUd) = (ELi ^'0' ^ -n ^ -&2(iV). 
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Consider the spin° structure s := c#t on the connected sum M := XjfN. 
The first Chern class of the complex line bundle associated with s satisfies 

n 

ci{Cs) = a + ci(£t) = a + X! 

1=1 

where we are using the same notation, a, Ci{Ct), Ci, to denote the induced co- 
homology classes in H'^{M,'Z). The gluing construction for the solutions of the 
Seiberg-Witten monopole equations on M := X^N, as in the proof of Theorem 
3.1 in [3D] (see also the proof of Proposition 2 in [17 for > 2 ), tells us that 

SWM{5,H)y^0. 

On the other hand, we obtain the following bound on {c^)^ of the square of 
the orthogonal projection of ci{£e,) into the polarization H: 

z— 1 i—1 i—1 

where we used ([3]). This bound and ^ implies the desired bound ([I]). I 

Remark Under the assumptions of Proposition [21 suppose that X satisfies 
b+{X) = 1 and 2xiX) + 3t{X) > 0. Then the connected sum M := X#N 
satisfies b+{M) = 1 and 2x(M) + 3t(A'/) = 2x(X) + 3t(X) - 62 In general, 
if 2x(M) + 3r(M) < the Seiberg-Witten invariant depends of the choice 
of polarization. However, the above proof implies that if M :— X^N, with 
X, N as in Proposition [21 any polarization on M satisfies the following bound 
(c^)^ > > 2x(X) + 3t{X) > 0. This tehs us that the value of the 

Seiberg-Witten invariant is independent of the choice of polarization. □ 

3 Non-singular solutions and a bound of the Ricci 
curvature 

The main result of this section is Proposition \5\ below. We shall use it in the 
next section to find an obstruction to the existence of non-singular solutions of 
the normalized Ricci flow. 

We start by recalling the following result on the trace free part of the Ricci 
curvature of the long time solution of the normalized Ricci flow. 

Lemma 3 ( [9l I13p Let X be a closed oriented Riemannian n-manifold and 
assume that there is a long time solution {g(t)}, t £ [0, cxa), to the normalized 
Ricci flow. Assume moreover that the solution satisfies |sg(t)| < C and 

:= minsg(t)(2;) < -c < 0, (4) 
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where the constants C and c are independent of both x E X and time t £ [0, oo). 

o 

Then, the trace-free part fg(t) of the Ricci curvature satisfies 

rg(t) \^dp.g(^t)dt < oo. 



In particular, as m ^ oo 



rg{t) \ diJLg(t)dt — y 0. 

X 

On the other hand, there is a natural diffeomorphism invariant arising from 
a variational problem of the total scalar curvature of Riemannian metrics on 
any given closed oriented Riemannian manifold X of dimension n > 3. As was 
conjectured by Yamabe [35j . and later proved by Trudinger, Aubin, and Schoen 
[H [28l [33] , every conformal class on any smooth compact manifold contains a 
Riemannian metric of constant scalar curvature. To be more precise, for any 
conformal class [g\ — {vg \ v : X K^}, we can consider an associated number 
Yjg] which is called the Yamabe constant of the conformal class [17] and is defined 

by 



y[g] = inf 



IX ' 

where dfi^ is the volume form with respect to the metric h. It is known [H I281I55] 
that this number is realized as the constant scalar curvature of some metric in 
the conformal class [g]. Then, Kobayashi [TO and Schoen independently 
introduced the following invariant of X: 

y{X)^ sup Y[g], 

where C is the set of all conformal classes on X. This is now known as the 
Yamabe invariant of X. We have the following bound: 

Lemma 4 ([13]) Let X be a closed oriented Riemannian manifold of dimen- 
sion n > 3 and assume that the Yamabe invariant of X is negative, i.e., 
y{X) < 0. // there is a solution {g{t)}, t G [0, T), to the normalized Ricci 
flow, then the solution satisfies the bound Q). More precisely, the following is 
satisfied: 

Sg,,) :=mm.,(,)(x)<^J^|^<0. 
We recall now the following definition: 

Definition 2 ([13]) A maximal solution {g{t)}, t G [0, T), to the normalized 
Ricci flow on X is called quasi-non-singular if T — 00 and the scalar curvature 
Sgit) of g{t) satisfies 

sup |sg(t)| < 00. 

Jtx[0,oo) 



6 



Notice that any non-singular solution is quasi-non-singular. 

Proposition 5 Let X he a closed oriented smooth ^-manifold with b'^{X) > 1 
and 2x{X) + 3r(X) > 0. Assume that X has a non-trivial Seiberg-Witten 
invariant. Let N he a closed oriented smooth 4-manifold with bi{N) = 6+(iV) = 
0. // there is a quasi-non-singular solution to the normalized Ricci flow on the 

o 

connected sum M :— X^N , then the trace-free part r^f^-^ of the Ricci curvature 
satisfies 



rg(t) ?dng(^t)dt < oo. (5) 

X 



In particular, 



holds when m — > -l-oo. 



m-l-l 



I 'ait) 

X 



'-d^ig^t)dt (6) 



Proof. First of all, notice that the connected sum M has non-trivial Seiberg- 
Witten invariant with respect to any polarization by Proposition[51 By Witten's 
vanishing theorem |34| , this implies that M cannot admit any metric of positive 
scalar curvature. On the other hand, it is known [2D] that the Yamabe invari- 
ant of any closed n-manifold Z which cannot admit metrics of positive scalar 
curvature is given by 

yiZ) = -( inf / \s,r/'d^,^ , (7) 

where TLz is the set of all Riemannian metrics on Z. Combining the first 
inequality in Theorem[l]and the inequality in Proposition[2]we get the following 
bound: 

\ ^ fgdl^a > 327^' (2x(X) + 3t(X)) . (8) 

Note that this bound holds for any //-adapted metric on Af , where R is any 
polarization of M. In particular, it holds for any metric g. 
Moreover, ([7]) and ([8|) implies 



y{M) < -47rV2(2x(X) + 3t(X)) < 0. (9) 

This bound and Lemma U] tell us that any solution to the normalized Ricci flow 
on M satisfies 



min < ~4nJ — < 0. 



/2(2x(X)-f3T(X)) 



But, this last inequality combined with Lemma [3] shows that any quasi- non- 
singular solution to the normalized Ricci flow on the connected sum M must 
satisfy the desired bound ([5]). I 
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4 Proof of Theorem 



We are now in position to prove Theorem [XI which is a special case of the 
following result: 

Theorem 6 Let X be a closed oriented smooth ^-manifold with ^^{X) > 1 and 
2x{X) + 'iT{X) > 0. Assume that X has a non-trivial Seiberg-Witten invariant. 
Let N be a closed oriented smooth 4-fnanifold with bi{N) = b'^{N) ~ 0. Then, 
there do not exist quasi-non-singular solutions to the normalized Ricci flow on 
M X#N if 

62(iV)>i(2x(X) + 3r(X)). (10) 

In particular, there is no non-singular solutions to the normalized Ricci flow on 
M. 

Moreover, if we assume that N is not an integral homology ^-sphere whose 
fundamental group has no non-trivial finite quotient, then there do not exist 
quasi-non-singular solutions to the normalized Ricci flow on M if 

b2{N)>^{2x{X) + MX)). (11) 

In particular, there are no non-singular solutions to the normalized Ricci flow 
on M. 

Proof. Suppose that there would be a quasi- non-singular solution {^(t)} to 
the normalized Ricci flow on the connected sum M := X^N. Then the second 
inequality in Theorem [T] tells us that, for any time t, g{t) must satisfy 

for any spin'^ structure s with SWm{5, H) ^ 0, where H :— '^^(t)- However, 
Proposition [2] now asserts that the connected sum M := X^N has a spin'^ 
structure with (cj*")^ > 2x{X) + 3t{X). We therefore conclude that 

2 

^^(2|M^+,P + f|l)d^,(, > l{2xiX) + 3riX)). (12) 

Moreover, the equality holds if and only if the metric g{t) is a Kahler-Einstein 
metric with negative scalar curvature 22J. 

On the other hand, we have the following Gauss-Bonnet like formula: 
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In particular, we obtain 

2x{M) + 3t{M) = [ (2x{M) + 3T{M)')dt 

J m 

Since Proposition[5]tells us that a quasi-non-singular solution {g{t)} must satisfy 
(O, by taking m — > c» in the above inequality, we obtain 

2x(M) -f 3r(M) = Jim^ ^ / / (2^+,^ + ^)d^^mdt■ (13) 
Moreover, by the inequality (fT^ . we get 

= ^(2x(X) + 3t(X)). 
This bound and (fTSll tell us that the following holds: 

2x(M) -f 3t(M) > ^ (2x(X) + MX)) . 
Since we have 2x(M) -f 3T(Af) = 2x{X) + 3r(X) - 62 (iV), we get 

2x{X) + 3t(X) - b2{N) > ^ {2x{X) + 3t{X)) 
which is equivalent to 

b2{N) < i(2x(X) + 3r(X)). 

By contraposition, we conclude that under (fTO|) . there do not exist quasi- 
non-singular solutions on M. In particular, there is no non-singular solutions 
to the normalized Ricci flow. 

Suppose moreover that N is not an integral homology 4-sphere whose fun- 
damental group has no non-trivial finite quotient. Then we observe the equality 
cannot occur in (fT2|) . Notice that the equality case in (fT2|l forces that g{t) 
must be a Kahler-Einstein metric with negative scalar curvature. In particular, 
this forces that the connected sum M := X^N is a minimal Kahler surface 
[3 [36]. On the other hand. Theorem 5.4 in [18] (b+{M) > 2 case) and Theorem 
2 in [12] {b~^{M) = 1 case) tell us that if a minimal Kahler surface admits a 
connected sum decomposition X^N , then N must be an integral homology 4- 
sphere whose fundamental group has no non-trivial finite quotient. Therefore, 
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we conclude that the equahty cannot occur in . Hence we have the following 
strict inequality which holds for g{t) on M: 



^/^/2|W^+,|^ + f|l)d^,(, > l{2xiX) + 3riX)). (14) 

This strict inequality and the strategy of the proof of bound pO)) above enable us 
to conclude us that under ifTTj) . there does not exist quasi- non-singular solutions 
on M. I 

Remark Notice that any Einstein metric is a fixed point of the normalized 
Ricci flow. In particular, we can obtain a non-singular solution of the normalized 
Ricci flow by taking an Einstein metric as a initial metric of the normalized Ricci 
flow. Therefore, Theorem [6] recovers the obstruction to the existence of Einstein 
metrics, due to LeBrun [22] • 1^ 



5 Proof of Theorem B 



On Del Pezzo surfaces, we have a complete solution for the existence of Kahler- 
Einstein metrics, due to Tian: 

Theorem 7 ([32j) A compact complex surface X admits a Kdhler- Einstein 
metric with positive scalar curvature if and only if its anti- canonical line bundle 
is ample and its Lie algebra of holomorphic vector fields is reductive. 



By this theorem, the complex surfaces CP^#£CP^, where 3 < £ < 8, admit 
Kahlcr-Einstein metrics with positive scalar curvature. 

In more generality, the normalized Ricci flow on compact Kahlcr manifolds 
was studied by Cao [51 [5] . We are going to use the following result: 

Theorem 8 ([51 [6]) Let M be a compact Kdhler manifold with definite first 
Chern class ci{M). Lf ci{M) = 0, then for any initial Kdhler metric go, the 
solution to the normalized Ricci flow exists for all time and converges to a 
Ricci-fiat metric as t ~> oo. Lf ci{M) < and the initial metric go is chosen 
to represent minus the first Chern class, the solution to the normalized Ricci 
flow exists for all time and converges to an Einstein metric of negative scalar 
curvature as t oo. If ci(M) > and the initial metric go is chosen to 
represent the first Chern class, then the solution to the normalized Ricci flow 
exists for all time. 

Notice that, in case when Ci(M) = or ci(M) < 0, the solution is actually non- 
singular [5] in the sense of Definition [1] On the other hand, the non-triviality 
of the Seiberg-Witten invariants in the case when ci(M) < tells us that the 
scalar curvature Sg^^ of the initial metric go cannot have Sg^^ > 0. 

On complex surfaces of general type, existence results for simply connected 
manifolds with 6+ = 1 and ample canonical line bundle have only been recently 
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found. One of the first examples is a deformation of the Barlow surface for 
which the ampleness of the canonical bundle is due to Catanese and LeBrun [7] : 

Theorem 9 ([3) There exist simply connected complex surfaces of general 
type, with 6+ = 1. cf = 1 and ample canonical bundle. 

In [27], the second and third authors of this paper proved the following result: 

Theorem 10 ([27]) There exist simply connected complex surfaces of general 
type, with 6+ = 1, cf — 2 or 3 and ample canonical bundle. 

Using the same method as in [27 Park and his collaborators 24 , showed that 
the exotic manifold that they constructed also admits an ample canonical line 
bundle: 

Theorem 11 ([24]) There exist simply connected complex surfaces of general 
type, with b^ — 1, = 4 and ample canonical bundle. 

We are now ready to prove Theorem [B] 

Proof. If we want to construct a smooth structure on the manifold X which has 
positive Yamabe invariant and admits solutions for the normalized Ricci flow, 
then we can just consider the canonical differential and complex structures of the 
complex projective plane blown-up at I points, where 3 < I < 8. The existence 
of an Einstein metric metric is given by Theorem [T] Hence, on these Del Pezzo 
surfaces, there are non-singular solutions (fixed points) of the normalized Ricci 
flow by taking the Kahler-Einstein metrics with positive scalar curvature as 
initial metrics. Since the scalar curvature of their metrics is positive, we notice 
that according to Lemma 1.5 in [16j . the Yamabe invariant of these manifolds 
must be positive. 

In the second case of the theorem, we are going to consider the smooth struc- 
tures associated to the complex structures of general type found in Theorems 
[9l Uni HU On these manifolds, Cao's Theorem [8] tells us that solutions to the 
normalized Ricci flow exist if we start with a Kahler metric whose Kahler form 
is in the cohomology class of the canonical line bundle. Moreover, for surfaces 
of general type the Yamabe invariant [20] is strictly negative. 

For the third part of the proof, we are going to use the constructions in 
Section 3 of [27]. In the proof of Proposition 3.2 in [27], it is showed that for 
any M := CP^#^CP^,5 < ^ < 8, there exist infinitely many manifolds of the 
form Mi := Xi^{£ ~ 3)CP^, « G N, which are homeomorphic, non-diffeomorphic 
to M and to each other. Here, Xi are the 4-manifolds homeomorphic to 
CP^#3CP2 constructed in 1 and which have non-trivial Seiberg-Witten in- 
variant. Then the manifolds have non-trivial Seiberg-Witten invariant, and 
as c^(Mj) = 9 — Z > 0, the Yamabe invariant y{Mi) is strictly negative [50]. 
The manifolds Xi have Ci{Xi) — 6, non-trivial Seiberg-Witten invariant by con- 
struction and of course (^ — 3) > ^cf (X^) = 2, as 5 < ^ < 8. Hence, Theorem El 
tells us that there are no solutions to the normalized Ricci flow on any Mi for 
any initial metric. I 
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